The theoretical understanding of time-dependence in magnetic quantum systems is of great importance in particular for cases where a unitary time evolution is accompanied by relaxation processes. A key example is given by the dynamics of single-molecule magnets where quantum tunneling of the magnetization competes with thermal relaxation over the anisotropy barrier. In this article we investigate how good a Lindblad approach describes the relaxation in giant spin models and how the result depends on the employed operator that transmits the action of the thermal bath.
Introduction
Single-molecule magnets (SMM) show two interesting phenomena: slow relaxation and quantum tunneling of the magnetization [1, 2, 3] . Very often both processes are modeled independently of each other. Relaxation is accounted for by rate equations, see e.g. Refs. [4, 5, 6, 7, 8] , whereas quantum tunneling is described by a unitary time evolution [5] , e.g. in terms of the von Neumann equation. Only a few approaches have been undertaken in order obtain a combined description.
In this article we investigate a master-equation approach that rests on the use of Lindblad terms [9, 10, 11, 12, 13, 14, 15, 16, 17] . Although such an approach lacks memory effects [18, 11] it constitutes a minimal feasible descrip-tion of a time evolution that combines coherent and incoherent parts. Besides application for magnetization dynamics such a description is of paramount importance for the investigation of quantum computing schemes and their robustness [17] .
The Lindblad terms in the master equation usually summarize the effects of the various relaxation processes [19] in terms of transition operators acting between the eigenstates of the investigated quantum spin system. Although it might in principle be possible to derive such terms from basic principles [6, 20] , the employed functional form of these terms leaves room to tweak unknown parameters [16] . In the following we introduce some of the common approaches and investigate how the resulting magnetization dynamics depends on the parameterization. Our impression is that this dependence is in general non-negligible and in particular for the evaluation of the ac magnetization rather strong, so that results from such simulations have to be interpreted with great care.
The article is organized as follows. In section 2 we introduce the model. Sections 3 and 4 deal with dc and ac magnetization, respectively. Our results are summarized in section 5.
Model and numerical procedures
For the investigations throughout this article we employ the following giant spin Hamiltonian [21] 
with specific values of D = −1 K, E = 0.1 K and g = 2 used in the numerical simulations. Such Hamiltonians describe SMMs with an easy axis anisotropy of strength D < 0. For the time evolution of the density matrix we employ [16] 
with
where |k and |n are eigenvectors of the Hamiltonian with corresponding eigenvalues E k and E n . In such an approach it is implicitly assumed that the coupling to the heat bath is realized by phonons [13] , whose spectral density is denoted by I (ω)
with I 0 = 1. The related transition operator X ∼ mediates the action of the heat bath onto the giant spin of (1). We investigate several typical choices for this operator. For one choice of transition operators we use those suggested in [13] :
These two operators generate transitions among eigenstates of Hamiltonian (1) with ∆m = 0, ±1. We investigate as well another operator
that via its S ∼ 2 x contribution effectively takes also two-phonon processes with ∆m = ±2 into account.
The influence of a spin bath, e.g. nuclear spins in the sample, is not taken into account by this approach [22] .
Magnetization dynamics: tunneling and hysteresis
In order to investigate the magnetization dynamics the magnetic field in z-direction is swept from −2 to +2 T with a sweep-rate of 0.625 T/ns. For the simulations the sweep rate has to assume such high values since otherwise simulations covering the complete magnetization process are not feasible [13] . This problem is caused by the intrinsic energy scales (GHz frequencies) and it is common to many problems in simulation science. The gaps at the avoided level crossings are adapted accordingly by choosing a constant field of B x = 0.2 T in x-direction. Figure 1 shows the step-wise behavior of the magnetization in z-direction for the first two choices of X ∼ . All magnetization steps appear at magnetic field strengths where resonant tunneling is possible (as indicated by the vertical dashed lines in Figure 1 ). As already predicted in [13] one can see in 
figure 2 (a) that the relaxation with X ∼ = X 1 ∼ is more efficient than the one with X ∼ = X ∼ 2 in the sense that the magnetization reaches saturation much faster. This is very likely due to the factor 1 2 in X ∼ 2 , which reduces the transition rates induced by S ∼ x . Beside this difference in efficiency both curves look qualitatively similar. show magnetization curves for all three transition operators at different temperatures and with different coupling constants λ. In every case the curves calculated at T = 2 K (black curves in figs. 1 (b) and 2) show steps, that can only occur because the involved level-crossings are already thermally occupied. For X ∼ = X ∼ 1 and X ∼ 3 these steps have qualitatively nearly the same step size, only in the curve with X ∼ = X ∼ 2 they are smaller, most likely due to the factor 1 2 in X ∼ 2 . The thermal relaxation after the last step is also different. Qualitatively the efficiency is increasing with the amount of S ∼ x in the relaxation operator. The behavior at T = 0.01 K and λ = 10 −2 (red curves in figs. 1 (b) and 2) also shows differences in the efficiency. The curve with X ∼ = X ∼ 1 is again the most efficient one. Only two steps are needed to end up at the saturation magnetization. Both other curves show a third step. The visibility of this step increases with the decreasing amount of S ∼ x in the transition operator. (blue), T = 2 K, λ = 10 −4 (black).
As expected, a stronger coupling to the bath, i.e. a larger parameter λ leads to a quicker relaxation with reduced quantum oscillations (compare red and blue curves in figures 1 (b) and 2).
Magnetization dynamics: AC susceptibility and relaxation times
AC susceptometry is a powerful experimental tool to get access to the relaxation processes. Theoretically ac susceptibilities are complicated nonequilibrium quantities since they involve the influence of, and thus the coupling to the bath. It is thus expected that properties of the bath and the coupling will in general influence ac measurements [22] .
In our simulations we apply a magnetic ac field of the form
in z-direction. It is important that the amplitude B 0 is small enough, so that the magnetization of the system does not reach its saturation value. We choose B 0 = 0.001 T. In the steady state the magnetization of the system is given by [23] :
where χ and χ are the real and imaginary part of the magnetic susceptibility. Both can be calculated from M (t) via integration over one period. The relaxation time τ can then be found as
with ω max the frequency of the maximum of χ . The great advantage of this method is that it is possible to calculate the relaxation times in the temperature regime where quantum tunneling is the dominant process and the relaxation time becomes temperature independent. In our simulations of the ac susceptibility we set the coupling to the phonon heat bath λ = 1. We want to stress here, that the observed behavior is also present with much smaller coupling constants. Smaller coupling constants only lead to a shift of the temperature at which quantum tunneling becomes the dominant process. range. Therefore, processes that need seconds, minutes or longer so far cannot be simulated with reasonable e↵ort [11] . 
with fitted parameters τ 0 = 0.17144 ± 0.008546 ps and ∆ = 3.48091 ± 0.03101 K. This is in quite good agreement with the theoretical value of ∆ th = DS 2 = 4 K. Below 0.5 K the resonant tunneling becomes the dominant process and the relaxation time becomes independent of temperature [24] . Figure 3 (b) shows the temperature dependent relaxation times for the S = 2 system with X ∼ = X ∼ 2 . Here we find for temperatures larger than 0.9 K a second relaxation time. Below 0.9 K it is no longer visible because its peak in χ is masked by the peak belonging to the dominant relaxation time. The dominant relaxation time itself shows an unphysical behavior: at higher temperatures it is again increasing with increasing temperature. This is in contradiction to experimentally measured data as well as to the whole idea of activated behavior. We verified that this observation is not an artifact of the relatively high value of the coupling constant λ. The observed unphysical behavior is also present with much smaller values of λ, but smaller values shift the strange behavior to higher temperatures. We also noticed that the unphysical behavior is present for any amount of S ∼ z in the transition operator X ∼ . We thus conjecture that the unphysical behavior is solely due to the presence of S ∼ z in the transition operator. Its use as a transition operator thus appears questionable, although other observables such as the magnetization investigated in section 3 do not show (obvious) unphysical behavior.
In order to investigate the influence of absorption and emission of phonons with ∆m = ±2 we also calculated the relaxation times for the S = 2 system with X ∼ = X ∼ 3 . The results are shown in figure 4 . Firstly, X ∼ = X ∼ 3 does not lead to (obvious) unphysical behavior. Secondly, it is impossible to fit the curve with one standard Arrhenius law (11) . At least two of them would be necessary, one above and one below T = 1 K. Qualitatively the relaxation times in the regime of resonant tunneling, where the relaxation time becomes independent of the temperature, are nearly the same for X ∼ = X ∼ 3 and X ∼ = X ∼ 1 . This is not an effect of the large amount of S ∼ x in X ∼ 3 . If X ∼ = S ∼ 2 x is chosen (not shown here) the same behavior occurs. 
Summary
In this article we report on numerical studies of the quantum dynamics of giant spin models by means of the Lindblad scheme. Such equations of motion for the density matrix allow to treat unitary as well as relaxation dynamics together with the prospect of simulating really large spin systems [25, 26] in the future.
Our concern was to investigate the influence of the employed transition operators on non-equilibrium observables such as the magnetization. We demonstrated that it is possible to evaluate magnetization processes as well as ac susceptibilities. From the latter relaxation times can be extracted, and their dependence on frequency and temperature can be studied. This provides an additional and very valuable tool to better understand the experimental ac data.
Unfortunately, the method is limited by two factors. A useful comparison between theory and experiment needs a detailed knowledge of the transition operator X ∼ , upon which non-equilibrium observables depend strongly as we showed in this work. The second limitation is common to all kinds of time-dependent simulations: the time-step of a numerical integration is determined by the fastest processes in the system. This scale is set by the apparent frequencies of electronic magnetic systems which are in the GHz range. Therefore, processes that need seconds, minutes or longer so far can-not be simulated with reasonable effort [13] .
In a future investigation we plan to study how transition operators of the form
perform in the quantum master equation. Such quadrupolar operators are supposed to represent the main contribution to the magnetoelastic coupling between spins and phonons [6, 7] .
